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Hawnbonee ncnonb3yemble RNGs moryT 6bITb NogesieHbl Ha ABa
OCHOBHbIX Kracca:

1. JINHENHO-KOHIpYyaHTHbIe reHepaTopsbl (LCG)
2. [eHepaTopbl nnHenHoro casura (GFSR)

[Tpmepbl coBpeMeHHbIX moaudmkaunm Kk metogam LCG n GFSR:

 Mersenne Twister (M. Matsumoto and T. Nishimura, ACM
Trans. on Mod. and Comp. Sim., 8 (1998) 3).
« KombuHuposaHHble LCG-reHepaTopesl (P. L'Ecuyer, Oper. Res.,

47 (1999) 159)
« KombuHupoBaHHble Tausworthe reHepatopsl (P. L'Ecuyer, Math.

of Comp., 68 (1999) 261)



Mbl npeanoXxum HoBbi MeTog noctpoeHuss RNG ¢ xopowmmu
CBOUCTBaMW reHepupyemoun nocregoBaTenbHOCTH
nceBaOCy4YanHbIX YMCen.

OTnuuyuTenbHbIe 0COOEHHOCTU MeToAA:

AHcambnb [C: aHcambnb aprognyecknx AMHaMnU4eCKUX CUCTEM
MCNOSb3yeTCA BMECTO €AUHUYHOW CUCTEMBI.

CKpbITble NepeMeHHble: TOMNbKO HeEDOoMbLLIAgA YacTb
reHepupyemMmou MHopMaL M OCTaeTcqa Ha BbiXxode reHeparopa.
OTO NOMOraeT n3bdaBUTLCS OT KOPPENALUNA U YCIOXHAET
PacCLLINMPOBKY.

OnunHa nepuopa: nepuon reHepatopa MOXET ObITb HACTONbLKO
BorbLLIMM, HACKOMBbKO 3TO TpebyeTtca.



Bba3oBbLIN 3neMeHT reHepaTopa

Mbl ucrnonb3dyem runepdonmyecknin asToMmopdpmnam
eOVHUYHOro AByMmepHoro Ttopa (npeobpasoBaHne CunHas-
ApHonbga, nnn npeobpasoBaHNe KOLLKK). ITO
npeobpasoBaHme obrnagaeT XOpoLLUUMN CTOXaCTUYECKUMMN
CBOMCTBaMU: 3progn4HoOCTb, NEpPEMELLINBAHME,
YYBCTBUTENbLHOCTb K Ha4YarbHbIM YCIIOBUSIM, NOKarbHas
PACXoANMOCTb TPAEKTOPUN.

M = (mll e ) € SLy(Z),
ma21 M22



Ba3oBbIN 3neMeHT reHepaTopa

M = (m“ e ) € SLy(Z),
ma1 Ma2

Cob6cTBeHHble 3HaveHus: A= (k+vkZ—4)/2, rne k= Tr(M).
Ecnun cnen yooBneTBopsieT yCrnosuio runepbonuyHocTu |k| > 2

TO MaTpuua M onpegenaet gnddpeomopdunsm AHocoBa
OBYMEPHOro Topa.

H(p,q) = (k? — 4)~/2sinh ™" ((k? — 4)1/2/2)(m12p? — m2a1¢® + (m11 — ma2)pq),

30ecb k= Tr(M) = mq1 + mag > 2.



OOnacTu Ha Tope n Tpex-OnToBbIe NocneaoBaTeNIbHOCTM,
reHepupyemMblie «npeodbpa3oBaHUEM KOLLUKUY»

1



The exact areas S(Zppoog).----5(Z11111) were calculated for var-

ious toral automorphisms, using CLN library for the exact rational
arithmetics.

We prove analytically the following geometric propositions:

i) in any case, every subsequence of length 3, 2, or 1 respectively
has the same probability 1/8, 1/4, or 1/2;

i) if k = Tr(M) is an odd number, then every subsequence of length
4 has the same probability Pp = 1/16;

ii) if k& is even, then the probability of the subsequence 0000 depends
only on the trace k& of matrix M of the cat map, and it equals
P = Py-k?/(k%2 — 1), where P, = 1/16. The probability of 0000
automatically gives the probabilities of all other subsequences,
length four.




Random walks test and the probabilities of
subsequences of first bits for the single cat map.

It can be conjectured that if k& is odd, then the probability of the
subsequence 00000 equals Py- (14 1/(3k% —6)), where Py = 1/32.

The probabilities can thus be approximated as P/Py = 1+ Bk—2 for
large k, where Py = 27" for subsequences of length n = 4,5. Here,
B =1 when kiseven and n =4, B=1/3 when k is odd and n = 5.

We conclude that the deviations found by the random walks test
will vanish as the trace k increases.



In order to determine the particular Random Number
Generator, one should define:

1. a finite set of states R,

2. an initial state rg € R,

3. a finite set of output symbols U,
4. the transition function T : R — R,
5. the output function G : R — U.

The generator changes its state at each step n, calculating r, =
T(r,—1) with the transition function T.

The sequence of pseudo random numbers is (ag,a1.ao,...,an....).
Each of these numbers is generated by the output function G: an =
G(rn), and is also called the observation an.



OnucaHne meToaa: noctpoeHne RNG

PaccMmoTpum reHepaTtop ¢ R = L?°, rae

L ={0,1,2,...,9 —1} x {0,1,2,...,9g — 1} — peweTKka Ha
TOpE, a s — MONOXKUTENIbHOE Lenoe 4nucno. Ha npakTuke,
Mbl UCNONB3YEM g =2 n g=2"—1, rae 2™ —1 — NpocCcToe
4nCno.

CoCTOosAHME reHepaTopa cay4darHbliX ducen npeobpas3yeTcs
HQ Ka>XAOM Luare npu nomMmowm npeodbpa3oBaHNA KOLUKW:

w(n) x(n—l)
( ?(n)) - M( ,En—l)) (mod g), (1)
Yi Y;

rae s Todek (i =0,1,...,(s—1)) peweTkn L ncnonb3yroTcs

B paCHeTE Ka>XA0ro wara.

3pecb M — maTpuua M = | 11 T2 o SL>(z), kKOTOpas
m21 M2

NEVNCTBYET HA pelleTKe g X g Topa.



OnucaHune metopa. noctpoeHue RNG (npopgonxeHue)
MycTb a:(”) o603HavaeT nepsbIii 6UT m(”). 5”) = [2:.91(”)/@.

BbixogHas pyHKUMA redepaTtopa G : L% — {0,1,...,2%5 — 1}
ONpeaenseTca Kak ap = Y7 Oaf(”) pid

Adpyrumm cnoBamu, a, — s-bUToBOe uUenoe 4Yncno, KOTopoe
cCoCTOUT N3 6UTOB agﬂ’), ag”), agf)l. B cnyyae ecnm g =
2m. alm) COAEPXUT B TOYHOCTU NnepBble ONTbI UenbliX Yncen
L) ) (n)

o 1 rs—1-

] LI Ll

Mbl BUAUM, 4TO NOCTPoOeHHbIN RNG coaep>XnT MHOIMO CKpbI-
(1)

TOW nHdopmMmaunn. MIMeHHo, BCce BUTbl TOYeK ( (”)) KOTO-

Dble He YY4aCTBYIOT B NOCTPOEHUMN 3HAYEHUS a(”’) ABAAOTCS
CKPbITBIMU NepeMeHHbIMU.



CBA3u ¢ agpyrmmu nocrneaoBaTesribHOCTAMM

(n) w(n—l)
( (n)) M(yf"‘l))(m()d g) 4=0,1,...,(s—1).

O n
Mns kaxaoro 4 mocrnenosatenbHocTb 125,
kak 1 nocnenosatensHocTs  {#™},

yOOBNETBOPSET NMUHENHO-PEKKYPEHTHOMY COOTHOLLEHNIO
no Moaynto g:

2™ = kz("~1) — gz("~2) (mod g)
y™ = ky" Y — gy~ (mod g),
3pecb k=Tr (M), q=det M.

XapaKTepI/ICTI/I‘-IeCKI/II/I NMONMMHOM PEKYPPEHTHOIO COOTHOLLEHUS:

f(z) = 2% — kz +q.



MeToabl anga BblvmncrneHus nepmoga RNG

1. [1na gq=1: meToa OCHOBaH Ha pacLUMPEHHOM U
0bobuieHHOM meToae u3 pabotbl |.C.Percival n
F.Vivaldi, Physica D, 25 (1987) 105.

2. [Ina npocTbIX q: METO4 OCHOBaH Ha Teopwumn
KOHEYHbIX nonew.



To calculate period of our RNG we first need to obtain the peri-
ods of trajectories of the single cat map on the 2™ x 2™
lattice on the torus.

It was pointed out by Percival and Vivaldi that for any given trace
k > 2, there exists a unique map M € SL»(Z) such that the direct
connection between the properties of periodic orbits of the auto-
morphism and the arithmetic of quadratic integers can be found.

Indeed, if we consider a matrix M such that

A
AT
where 7 is the base element of the ring of quadratic integers Rp =

{a + br : a,b € Z} that contains A\, then z' + ' = Aa + y7) is
equivalent to (;,) — M(;) for any z,y. 2",y .

mi1 + Tmoy
mio2 + Tmoo '

The period of an orbit containing the point (;) of the integer lattice
L equals the smallest integer T such that Az = 2 (mod (g)). Here
z=uwx+yr, and (g) = {ag + bgr : a.b € Z} is the principal guadratic
ideal generated by g.



To determine the structure of periodic orbits on the 2™ x2" |at-
tice, we prove the following propositions, that generalize results of
Percival and Vivaldi.

1. For all m, either T},,41 = 2Ty Or T)),1 1 = Tm.
2. For all m, either T =Ty, or T = T,,_1.
3. For all m >3, Tm # Tyue1 = Ting1 # Timn.

4, If m > 4, Ty # Typ—1, and T), = Tm/a, where a € {1,2}, then
Tfr{.-l-l-l = m-l—lftﬂ“

Tm is the period of free orbits for g = 2™, TV, is the period of those
ideal orbits for g = 2™ that do not belong to the sublattice § x 4.



We find out the number of free orbits in the inert case.

There are 22™ — 1 points on a lattice. The ideal orbits contain
22m=2 _ 1 points. Consequently, there are (22™m — 22m—=2)/T,, =
3.22m=2 /T, free orbits.

In the typical inert case T, = 3-2™~2, and the phase space is divided
in such a manner that:

3/4 of the phase space is swept by 2™ trajectories of period T,

3/16 of the phase space is swept by 2™~1 trajectories of period
Tm—l — T?n_/zr

3/64 of the phase space is swept by pm—2 trajectories of period
Ttm,—Q — T?n,:‘f‘i:

e efcC.

Number of the orbits having the huge period ~ 2™~2 is also huge
~ 2m—|—1_



The RNG Period

T hese results we proved for the single cat map help us to understand
the periodic properties of the ensemble of the cat maps, and thus
the period of the proposed RNG.

{0
Indeed, at least one of the s initial points (I‘('m) belongs to a free
Y

orbit, with the probability (1 —4~°) in the inert case.

It follows that the period T of the sequence {a,} equals the period
T, of free orbits of the cat map for the overwhelming majority of
RNG initial conditions.



Probability that two arbitrary points of the 2™ x 2™ |attice on the
torus belong to the same orbit of the cat map equals 9/(7-2™m12)
in the inert case.

The probability that s arbitrary points of the lattice do not belong
to s different orbits of the cat map (i.e., that at least two of the
points belong to the same orbit) is 9s(s — 1) /(7 - 2mT3).

For sufficiently large m these probabilities are quite small. This
guarantees the absence of the correlations between different
bits a:_g_'”) of the output a, for the typical initial conditions.



Proper Initialization for ¢ = 1:

1. Norms of all points should be different modulo 256. In particular,
(0)

this guarantees that the initial points ( (0)) i=0.,1,...,(s—1)
belong to different orbits of the cat map, and that none of the
symmetries may convert one orbit to another

2. At least one point should belong to a free orbit, i.e. at least
one of the coordinates = or y should be an odd number. This
guarantees that the period length is not smaller than Ti,



Norms of the orbits for ¢ = 1.
a=a+bvD; N(a) = aa* = a? — b2D.

If (2) is inert, then (¥) < 2 + y7, where

g5
Yy
_1++VD
2
D—1
y2

T

N(§>=x2+xy— I

'+ 't = Xz +y7r) (mod (2™))
N\ =1

N = N(Zj) (mod 2™).

T herefore, the norm modulo g is a character-
istic of the whole orbit.



Example of proper initialization for ¢ = 1:
GM19 and GM31.

,(0)

L; = — X5 A
1
( ) — L. A41
where ,2 = 0,1,...,31, and A is a value of the

order of (p°—1)/32.



Batteries of stringent statistical tests: test results

Numbers of statistical tests with p-values outside the interval [1072,1 —
10~4], [107>,1—-107°], [10~10,1 —1019].

Generator k g || SmallCrush | Diehard Crush Bigcrush
GS 311 0,0,0 44,29, 29 20,16,14 22,20,19
GR 3|1 0,0,0 5.0,0 51.0 15,10.7
GSI 11 1 0,0,0 1,0,0 10,1.0 13.7,6
GRI 11 1 1,0,0 6,0,0 5,0,0 13.6,5
GM19 15 | 28 0,0,0 2.0,0 2.0,0 3,0,0
GM31 7 |11 0,0,0 2,0,0 3,.0,0 1,0,0
RAND — | = 13,13,12 | 88,84,82 | 102,100,100 | 85,83,79
RANDA48 — | = 55,3 27,23,22 22,20,20 27,23,22
RANDOM | — | — 3,2,2 17,15,15 13,11.10 21,15, 14
MRG32k3a | — | — 1,0,0 3.0,0 4.0,0 2.0,0
LFSR113 — = 0,0,0 3.0,0 8,6,6 8,3,3
MT19937 — | = 0,0.0 2,0,0 1,0,0 4.0,0




Speed and parameters for the RNGs

Generator g s | k | g | Rotation | SSE2 Period CPU-time
GS 232 132 3|1 — — 3.2-10° 55.4
GS-SSE 232 1321 3|1 — + 3.2.10° 2.49
GR-SSE 232 132 3|1 e + 3.2-10° 2.79
GSI-SSE 232 132(11| 1 L + 3.2-10° 3.66
GRI 232 132(11| 1 + — 3.2-10° 78.2
GRI-SSE 232 132111 1 + - 3.2.10° 4.03
GM19 219_1(32| 6 | 3 + — 2.7-1011 120.5
GM19-SSE | 21° -1 (32| 6 | 3 + B 2.7-1011 6.11
GM31-SSE | 231 —-1|32| 7 |11 b AL 4.6-1018 8.86
RAND = R [ — = A 2.1-10° 2.48
RAND48 — — | = | = — — 2.8-1014 4.64
RANDOM — — | = | = = = 3.4.1010 1.88
MT 19937 — — | = | = — — | 4.3.106001 2.45
MRG32k3a — — | = | - — — 3.1-10°7 11.14
LFSR113 — — | = | = A — 1.0-1034 2.98




SSE2 anroputMm gy reaeparopa GRI

unsigned long x[4],y[4];

unsigned long i,newx[4],x[4],y[4];
asm("movaps (%0) ,%%xmmO\n" \
"movaps (%1),%%xmmi\n" \ [....... ]
"paddd %%xmmi,%%xmmO\n" \
"paddd %Y%xmmi,%%xmmO\n" \ | for(i=0;i<4;i++){

"movaps %/%xmmO,%%xmm2\n" \ newx [i]=4*x[i]+9*y[i];
"pslld $2,%%xmmO\n" \ y[i]=3*x[i]+7*y[i];
"paddd %%xmmi,?%%xmmO\n" \ x[i]=newx[i];

"movaps %%xmmO, (%0)\n" \ }
"psubd %%xmm2,%%xmmO\n" \
"movaps %/%xmmO0, (%1)\n" \
non o “r" (x) ’ "r" (y)) ;




SSE2 anroputm 115 ynakOBKH

unsigned long x[16],output;

" [ e "
asm("movaps (41),WlxmmO\n® \ | oot unsigned long halfg=2147483648;

"movaps 16(%1),%/xmmi\n" \ < 48;
"movaps 32(%1),%Yxmm2\n" \ unsigned long x[16],i,output=0,bit=1;

"movaps 48(%1),%%xmm3\n" \ [ ]
"psrld $31,%%xmmO\n" \ | "~°°°°°°°
'psrld 831, Jaxmmin® \ g (50:5<16;144)1
,perld 931, hemm2\n "\ output+=((x[i] <halfg)?0:bit;
psrld $31,%%xmm3\n" \ bty
"packssdw %%xmmi,’%%xmmO\n" \ } ’
"packssdw %%xmm3,%%xmm2\n" \
"packsswb %xmm2, %) xmmO\n" \
"psllw $7,%%xmmO\n" \
"pmovmskb %%xmm0,%0\n" \
nn : ll=rll (output) . llrll (x)) ;




NTorn

* [locTpoeH reHepartop cryvyauHbIX YMucen Ha OCHOBE
napannenbHon 3BonuMn aHcambns npeobpasoBaHnn
Kowku (npeobpasoBaHnin Kok CnHaa-ApHonbaa).

« Kaxgoe npeobpaszoBaHMe KOLWKN AaeT oauH 6UT, noaTomy
4YTOObI NOCTPOUTL S-OUTOBOE CrlyHamHOE YMCIO, HYXXHO
BbIYNCNATb S NpeobpazoBaHMN KOLLKW.

* BbluncneH nepuop reHeparopa npu NOMOLLN HaLIKX
0606uieHnn Teopun Percival-Vivaldi, a Takke npu noMmoLum
NCMNONb30BaHNA TEOPUN KOHEYHbLIX MOSIEN.

« HanpgeHobl koppensaunm B eqUHUYHOM npeodbpasoBaHmnn
KOLLKW, W nNpeanoXeH cnocod yMeHbLLUEHUSA 3TUX
Koppenaunu.

» [lpeacrtaeneHbl apdekTUBHbIE NPaKTUYECKMEe peannsaumn
ans RNGs. Kpome Toro, reHepatopbl NPOTECTUPOBAHDI
COBPEMEHHBIMWN U MOLLHbIMW BaTapesiMmn CTaTUCTUYECKUX
TEeCTOB.

* Yucna Ha BbIXOOe reHeparopa CroXHO paclundgposarb,
NOCKOMbKY 6onbluas YyacTb MHOPMaLMmM O COCTOAHUN
aHcambnga npeobpaszoBaHUM KOLLKN ABMSAETCA CKPbITOW
NHpopmaunen.




